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Abstract. We introduce complex singularity exponents of plurisubharmonic 
functions and prove a general semi-continuity result for them. This concept 
contains as a special case several similar concepts which have been considered 
e.g. by Arnold and Varchenko, mostly for the study of hypersurface singularities. 
The plurisubharmonic version is somehow based on a reduction to the algebraic 
h>. ' case, but it also takes into account more quantitative informations of great interest 

OO . for complex analysis and complex differential geometry. We give as an application 

a new derivation of criteria for the existence of Kahler-Einstein metrics on certain 
Fano orbifolds, following Nadel's original ideas (but with a drastic simplication 
in the technique, once the semi-continuity result is taken for granted). In this 

Q\ • way, 3 new examples of rigid Kahler-Einstein Del Pezzo surfaces with quotient 

^ . singularities are obtained. 
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§0. Introduction 

The purpose of this work is to show how complex analytic methods (and more 
specifically L? estimates for d) can provide effective forms of results related to 
the study of complex singularities. We prove in particular a strong form of the 
semi-continuity theorem for "complex singularity exponents" of plurisubharmonic 
(psh) functions. An application to the existence of Kahler-Einstein metrics on 
certain Fano orbifolds will finally be given as an illustration of this result. 

We introduce the following definition as a quantitative way of measuring singu- 
larities of a psh function </? (the basic definition even makes sense for an arbitrary 
measurable function </?, though it is unlikely to have any good properties in that 
case). Our approach is to look at the L^ integrability of exp(— 2c(/7) in terms of 
the Lebesgue measure in some local coordinates. Several other types of analytic or 
algebraic objects (holomorphic functions, coherent ideal sheaves, divisors, currents, 
etc) can be treated as special cases of this formalism. 

0.1. Definition. Let X be a complex manifold and ^p be a plurisubharmonic (psh) 
function on X . For any compact set K d X , we introduce the ''complex singularity 
exponent" of (^ on K to be the nonnegative number 

ck{^) = sup {c ^ : exp(— 2c(/7) is L^ on a neighborhood o/K}, 

and we define the "Arnold multiplicity" to be \k{^) = ck{'^)~^ '■ 

Xxi^) = inf {a > : ex.p{—2X~^ip) is L^ on a neighborhood of K^. 

If If = — oo near some connected component of K , we put of course ck{'^) = 0, 
Xk{^) = +00. 

The singularity exponent cxif) only depends on the singularities of </?, namely 
on the behavior of ip near its — oo poles. Let T be a closed positive current of 
bidegree (1, 1) on X. Since cxif) remains unchanged if we replace </? with -0 such 
that i/j — (p is bounded, we see that it is legitimate to define 

(0.1.1) ck{T) = ck(v?), Xk{T) = XKi^) 

whenever </? is a (local) potential of T, i.e. a psh function </? such that dd'^ip = T, 
where d^ = {2ni)~^{d — d). In particular, if D is an effective integral divisor, 
we have CK([iI>]) = CK{^og\g\) where [D] is the current of integration over D 
and g is a, (local) generator of 0(— D). When / is a holomorphic function, we 
write simply ck(/), Xxif) instead of CK(log |/|), AK(log |/|). For a coherent ideal 
sheaf J = {gi, . . . , gN) we define in a similar way ck = CK0-Og{\gi\ + ■ • ■ + |(77v|)). 
It is well known that cxif) is a rational number, equal to the largest root of 
the Bernstein-Sato polynomial of |/P* on a neighborhood of K ([Lin89], see also 
[Kol97]); similarly ck(J) G Q+ for any coherent ideal sheaf. Our main result 
consists in the following semi-continuity theorem. 
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0.2. Main Theorem. Let X be a complex manifold. Let Z_^ (X) denote the space 
of closed positive currents of type (1,1) on X , equipped with the weak topology, and 
let 'J'{X) be the set of locally L^ psh functions on X , equipped with the topology 
of L^ convergence on compact subsets (= topology induced by the weak topology). 
Then 

(1) The map ip i-^ ck{^) is lower semi- continuous on ^^X), and the map 
T 1-^ ck{T) is lower semi- continuous on 2,.^ (X). 

(2) ("Effective version"). Let (p G T(X) be given. If c < ck{'p) andi/j converges to 
(f in y^X), then e"^'^^ converges to e"^'^'^ in L^ norm over some neighborhood 
U ofK. 

As a special case, one gets: 

(3) The map 0{X) 3 f \-^ ^xif) is lower semi- continuous with respect to the 
topology of uniform convergence on compact sets {uniform convergence on a 
fixed neighborhood of K is of course enough). Moreover, if c < cxif) and 
g converges to f in 0{X), then \g\~'^'^ converges to |/|~^'^ in L^ on some 
neighborhood U of K . 

In spite of their apparent simpHcity, the above statements reflect rather 
strong semi-continuity properties of complex singularities under "variation of 
parameters". In fact, Theorem 0.2 is by nature a purely local result, which is 
easily seen to be equivalent to the special case when K = {x} is a single point and 
X is a small ball centered at x. The proof is made in several steps. The "analytic 
part" consists in a reduction of (1) and (2) to (3), and in the proof of the effective 
estimates leading to the convergence statements in (2) and (3) [by contrast, the 
qualitative part of (3) can be obtained in a purely algebraic way]. The reduction 
to the holomorphic case (3) is based on the fact that plurisubharmonic functions 
can be very accurately approximated (both from the point of view of singularities 
and of Lj'qj, topology) by special functions of the form 

(0.2.4) alog{\gi\ + --- + \gN\). a ^ 0, 

where the gj are holomorphic functions. The existence of approximations as in 
(0.2.4) depends in an essential way on the Ohsawa-Takegoshi L^ extension theorem 
([OhT87], [Ohs88]), see [Dem92, 93] and §2, §4. One is then reduced to the proof 
for a single holomorphic function (that is, to a psh function of the form log |/|), by 
taking a suitable generic linear combination / = X] '^j9j- Another essential idea is 
to truncate the Taylor expansion of / at x at some order k. It can then be shown 
that this affects Cx{f) only by a perturbation that is under uniform control. In 
fact, the singularity exponent Ca;(/) is subadditive on holomorphic functions: 

(0.2.5) cM + 9)^ cM) + cAg), V/, g G Ox,.- 

If pk is the truncation at order k of the Taylor series, one deduces immediately 
from (0.2.5) that 

(0.2.6) |c,(/)_c,(p,)|^__. 
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In this way, the proof is reduced to the case of polynomials of given degree. Such 
polynomials only depend on finitely many coefficients, thus the remaining lower 
semi-continuity property to be proved is that of the function t i— > Cx{Pt) when 
Pf is a family of polynomials depending holomorphically on some parameters t = 
(ti, . . . , tAr). This is indeed true, as was already observed by Varchenko [Var82, 83]. 
An algebraic proof can be given by using a log resolution of singularities with 
parameters. Here, however, a special attention to effective estimates must be paid 
to prove the convergence statements in (2) and (3). For instance, it is necessary 
to get as well an effective version of (0.2.6); the Ohsawa-Takegoshi L^ extension 
theorem is again crucial in that respect. 

As a consequence of our main theorem, we give a more natural proof of the 
results of Siu [Siu87, 88], Tian [Tia87] and Nadel [Nad89, 90] on the existence 
of Kahler-Einstein metric on Fano manifolds admitting a sufficiently big group of 
symmetries. The main point is to have sufficient control on the "multiplier ideal 
sheaves" which do appear in case the Kahler-Einstein metric fails to exist. This 
can be dealt with much more easily through our semi-continuity theorem, along 
the lines suggested in Nadel's note [Nad89] (possibly because of the lack of such 
semi-continuity results, the detailed version [Nad90] relies instead on a rather 
complicated process based on a use of "uniform" L^ estimates for sequences of 
Koszul complexes; all this disappears here, thus providing a substantially shorter 
proof). We take the opportunity to adapt Nadel's result to Fano orbifolds. This is 
mostly a straightforward extension, except that we apply intersection inequalities 
for currents rather than the existence of a big finite group of automorphisms to 
derive sufficient criteria for the existence of Kahler-Einstein metrics. In this way, 
we produce 3 new "exotic examples" of rigid Del Pezzo surfaces with quotient 
singularities which admit a Kahler-Einstein orbifold metric. 

We would like to thank R.R. Simha for useful discussions who got us started 
with the idea of simplifying Nadel's approach. We also thank Mongi Blel for 
sharing several viewpoints on the semicontinuity properties of psh functions, and 
Jeff McNeal for pointing out a slight inaccuracy in our original calculation of 
volumes of analytic tubes. 

§1. Complex singularity exponent and Arnold multiplicity 

Let X be a complex manifold and </? a psh function of x. The concepts of 
"complex singularity exponent" ck{'^) and "Arnold multiplicity" Xxi'^) of </? along 
a compact set K G X have been defined in 0.1. An equivalent definition can be 
given in terms of asymptotic estimates for the volume of sublevel sets {</? < logr}. 

1.1. Variant of the definition. Let K G X be a compact set, U a neighborhood 
of K , and let fxu be the Riemannian measure on U associated with some choice of 
hermitian metric u on X . Then 

ck{^) = sup {c ^ 0; r~^'^|Uc/({(/?< logr}) is bounded as r ^ 0, for some U D K}. 
The equivalence with the earlier Definition 0.1 follows immediately from the 



§1. Complex singularity exponent and Arnold multiplicity 

elementary inequalities 



r ^^nu 



{W<logr})^ f e-^^^dV^^liuiU)+ [ 2cr-2>c;({,^ < logr}) — , 
Ju Jo ^ 



A first important observation is that ck{'^) and Xk{'^) depend only on the local 
behavior of </?: 

1.2. Proposition. Given a point x G X, we write Cj:{lp) instead o/c{^j. (</?). Then 

ck{'^) = inf Cx ((/?), Ai^((/7) = sup X^i^p). 

xeK ^^x 

The statement is clear from the Borel-Lebesgue Lemma. When x is a pole, 
that is, when ip{x) = — oo, the Arnold multiplicity Ax((/') actually measures the 
"strength" of the singularity of </? in a neighborhood ofx. (It actually "increases" 
with the singularity, and if x is not a pole, we have Cx{^p) = +00, Ax((/') = ; see 
Prop. 1.4 below.) We now deal with various interesting special cases: 

1.3. Notation. 

(1) /// is a holomorphic function on X , we set cxif) = Ci^(log|/|). 

(2) IfJc Ox is a coherent ideal sheaf, generated by functions {gi, ■ ■ ■ .Qn) on a 
neighborhood of K , we put 

ckO) = Ci^ (log(|(7i| + ---+|(7iv|)). 

(3) If T is a closed positive current of bidegree (1,1) on X which can be written 
as T = dd^(fi on a neighborhood of K , we set ck{T) = CKi'p)- 

{If no global generators exist in (2) or no global potential (f exists in (3), we just 
split K in finitely many pieces and take the infimum, according to Prop. (1.1)). 

(4) // D is an effective divisor with rational or real coefficients, we set 

ck{D) = ck{[D])= ck{0{-D)) = CK{g) = Ci^(log \g\) 

where D is the current of integration over D and g is a local generator of the 
principal ideal sheaf 0{—D). 

No confusion should arise from the above definitions, especially since Ci^(J) 
does not depend on the choice of generators of 3. We use similar conventions of 
notation for A^ (</?). The number 

Cx(/) = supjc; |/|~^^ is L^ on a neighborhood of x} = Xx{f)~^ 

is clearly a measure of the singularities of the hypersurface {/ = 0} at point x. 
This number came up in the literature many times under different names. By 
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[Lin89], Cx{f) is the largest root of the Bernstein-Sato polynomial associated 
to the germ of / around p. If x is an isolated singularity of {/ = 0}, then 
Cxif) = ininjl, /9c(/x)} where I3c{fx) is the complex singular index as defined 
in [ArGV84], vol.11, Sec. 13.1.5; the same thing is called "complex singularity 
exponent" in [Var92]. See [Kol97] for a discussion of these questions and for 
related results. 

1.4. Elementary properties. Let 3, ^ he coherent ideals on X and let tp, t(j be 

psh functions. Denote by x a point in X and let K d X be a compact subset. 

(1) The function x i-^ Cx{<p) is lower semi- continuous for the holomorphic Zariski 
topology] 

(2) If ip ^ip, then ck{<p) < ck{iP) ; 
//aca, thencKO) ^ck{^). 

(3) \k{^ + ij) ^ \k{^) + \K{i^) ; 

(4) \K{cxip) = a Ak((/?) for all a G M+ ; 
Ak(J"^) = mAK(J) for all integers m eN. 

(5) Let J = ((7i, . . . , gi\r) and let 

J = {/ G On,x , X G O; 3C > 0, I/I ^ Cmaxl^fjl near x} 

be the integral closure of J. Then ck(^) = cx(J)- 

(6) // the zero variety germ V{3jc) contains a p-codimensional irreducible compo- 
nent, then Ca;(!J) ^ p, i.e. XxC^) ^ 1/p- 

(7) IfJy is the ideal sheaf of a p-codimensional subvariety Y G Q, then CxCJy) = P 
at every nonsingular point ofY. 

(8) Define the vanishing or(/er orda;(J) of] at x to be the supremum of all integers 
k such that J^; C m^, where m^; C 0^ is the maximal ideal. Then 

-orda;(J) ^ XxCJ) ^ ord^(J). 
n 

More generally, if Uxi^p) is the Lelong number of ip at x, then 

1 



n 



-l^xi^) ^ K{^) ^ l^x{^)- 



Proof. (1) Fix a point xq and a relatively compact coordinate ball B := B{xq, r) (s 
X. For every c ^ 0, let "KcLpiB) be the Hilbert space of hohomorphic functions on 
B with finite weighted L^ norm 



2 
c 

B 



\f\''e-^'^dV 
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where dV is the Lebesgue volume element in C"^, n = dinic^. A fundamental 
consequence of Hormander's L^ estimates (Hormander-Bombieri-Skoda theorem 
[Hor66], [Bom70], [Sko75]) states that there is an element / G !Kc<^(-B) with 
f{x) = 1 whenever e"^'^'^ is L^ on a neighborhood of x. Hence 

{xeB;cM)^Co}nB= fl f-\0) 

is an analytic set. This proves the holomorphic Zariski lower semi-continuity. 

All other properties are direct consequences of the definitions and do not 
require "hard" analysis: (2), (4), (5) are immediate; (3) is a consequence of the 
Holder inequality; (6,7) follow from the fact that the function (J2j<p kiP)"'^ is 
locally integrable along zi = ■ ■ ■ — Zp = if and only if c < p ; Finally, (8) is a 
well-known result of Skoda [Sko72], depending on the basic properties of Lelong 
numbers and a use of standard kernel techniques. D 

In the case of an ideal sheaf, the following lemma reduces the computation of 
Cx(J) to the case of a principal ideal (possibly after raising J to some power 3"^). 

1.5. Proposition. Let {gi, ■ ■ ■ .Qp) be holomorphic functions defined on an open 
set n C €"■ and let x G V{gi, . . . ,gp). Then 

Cx{aigi H h apgp) ^ min {c^igi, ...,gp), l] 

for all coefficients (ai, . . . ,ap) G C^. Moreover, the equality occurs for all 
(«!,..., ctp) in the complement of a set of measure zero in C^. In particular, 
if "J is an arbitrary ideal and Cx^J) ^ I, there is a principal ideal (/) C J such that 

Cxif) =Cx{'J). 

Proof. The inequality is obvious, since Cx{aigi + ■ — h ctpgp) ^ 1 by (1.3.6) on the 
one hand, and 

\aigi + ■ ■ ■ + apgpl'^'' ^ (X^'^^lj (SZ'^jl' 

on the other hand. Now, fix c < in.m{cx{gi, ■ ■ ■ , gp) ,1}. There is a neighborhood 
Ur of X on which 



/ da {a) I \algl{z)^ ^ apgp{z)\ ''dV{z) 

(1.5.1) ^A^j^ (5^|<7,(^)|2)"V(^)<+oo, 



where da is the euclidean area measure on the unit sphere 5"^" ^ C C" and Ac > 
is a constant. The above identity follows from the formula 

\a ■ w\~'^''da{a) = Ac\w\~'^'', 

a| = l 
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which is obvious by homogeneity, and we have Ac < +00 for c < 1. The finiteness 
of the right hand side of (1.5.1) imphes that the left hand side is finite for aU values 
a in the complement C^xA^c of a negligible set. Therefore Cj:{aigi + - ■ ■+apgp) ^ c, 
and by taking the supremum over an increasing sequence of values Cj^ converging 
to min{ca;((7i, . . . , Qp) , 1}, we conclude that the equality holds in Proposition 1.5 
hr allaeCP \\jNc,,. D 

1.6. Remark. It follows from Theorem 3.1 below that the exceptional set of values 
(tti, . . . , ctp) occurring in Prop. 1.5 is in fact a closed algebraic cone in C^. D 

The singularity exponent ckC^) of a coherent ideal sheaf 3 C Ox can be 
computed by means of a "log resolution" of 3, that is, a composition fx : X ^' X 
of blow-ups with smooth centers such that n*'J = 0~{—D) is an invertible sheaf 

associated with a normal crossing divisor D in X (such a log resolution always 
exists by Hironaka [Hir64]). The following proposition is essentially well known 
(see e.g. [Kol95a] 10.7). 

1.7. Proposition. Let X be a complex manifold, J C Ox 0, coherent ideal sheaf, 
and let n : X ^ X be a modification (= proper bimeromorphic morphism) such 
that /U*J = 0~{—D) is an invertible sheaf. Assume that X is normal and let 

Ei C X denote either an exceptional divisor of n or an irreducible component 
of D . Write 

K~ = n*Kx + ^ ttiEi and -D = ^ biEi, 

where Oj = if Ei is not a component of the exceptional divisor of n {resp. bi = 
if Ei is not a component of D). Then: 

(1) ck(J) ^ niin 



i:ti{Ei)nK^0 { bi 

(2) Equality holds if X is smooth and Yl-^i '^^ ^ divisor with normal crossings. 

(3) If g = {gi, . . . ,gN) cltc generators of '^ in a neighborhood of K , then for any 
sufficiently small neighborhood U of K there is a volume estimate 

Cir^^ ^ ^iu{{\9\ < r}) ^ Car^^l logrp-\ Vr < tq 

with n = dimc^, c = ckC^) and Ci, C2, tq > 0. 

Proof. Since the question is local, we may assume that J is generated by 
holomorphic functions gi, ... ,gis[ G 0{X). Then (1) and (2) are straightforward 
consequences of the Jacobian formula for a change of variable: if U is an open set 
in X, the change z = n{() yields 

g{z)\-'^dV{z)= [ \go^{C)\-'V,iO\'dViO 

zeu Jce^J.-''iU) 
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where J^ is the Jacobian of /U, and dV , dV are volume elements of X, X 
respectively (embed X in some smooth ambient space if necessary) . Now, if hi is 
a generator of 0{—Ei) at a smooth point 5? G X, the divisor of J^ is by definition 
Y^ ttiEi and /U*!J = C)(— X] ^lEi)- Hence, up to multiplicative bounded factors. 



I'/j'-ni^^i'"^ i^°/"i'~ni^^ 



* near x. 



and |(7 o n\~'^^\J^\'^ is L-*^ near 5? if and only if Y\. l/iil"^*-^^""""-* is L^ . A necessary 
condition is that cbi — a^ < 1 whenever Ei 3 x. We therefore get the necessary 
condition c < mini. ^(^Ei)nK^(li{{<^i + l)/^?}? ^ind this condition is necessary and 
sufficient if ^ i?i is a normal crossing divisor. 

For (3), we choose {X,0{—D)) to be a (nonsingular) log resolution of 3. The 
volume nuiildl < ^}) is then given by integrals of the form 

(1-7.4) / ^ U\^riO\"'^dViO 

J^^-HU)n{Ceu^,Yl\hi\>'^<r} 

over suitable coordinate charts Ua C X. An appropriate change of variable ( ^-^ w, 
Wi = /i/(C), Wj = (kj (where i runs over the set of indices such that 6^ > and 
j over a disjoint set of indices) and a use of a partition of unity leads to estimate 
(1.7.4) by a linear combination of integrals of the form 

/ IT \wi\'^^'''^^^^^'~'^dV{w) where P{r) = {max \wi\ < 1, H kd < f} 
Jp{r) 

(we assume here that a partial integration with respect to the Wj^s has already 
been performed). The lower bound Cir^^ is obtained by restricting the domain of 
integration to a neighborhood of a point in the unit polydisk such that only one 
coordinate Wi vanishes, precisely for i equal to the index achieving the minimum 
of {tti + l)/bi. The upper bound C2r'^^\ logrj"""^, c = min(ai + l)/6i, is obtained 
by using the inequalities 

J-J|^^|2(a.+i)/b,-2^ (j]|«;,|)''"'^r2--2, V«;GP(r), 

9 n — 1 



ix{P{r)) = / n min ( ^ ■ ^, 1 ) TT dV{w, 

J{max(|»i|,...,|»„_i|)<l} ^\Wl\ ■■■IWn-ll / .^_^ 



n-1 ^ n—1 ,^,/ 



^n n dV{w,) + TrrM TT 

J{3i;\'Wi\<r} -^^ J{Wi-r^\wi\<l} ^^^ 



I 1 9 

Wir 



^ Car^ I log rr-^ 

It should be observed that much finer estimates are known to exist; in fact, one can 
derive rather explicit asymptotic expansions of integrals obtained by integration 
along the fibers of a holomorphic function (see [Bar82]). D 
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§2. L^ extension theorem and inversion of adjunction 

Our starting point is the following special case of the fundamental L? extension 
theorem due to Ohsawa-Takegoshi ([OhT87], [Ohs88], see also [Man93]). 

2.1. Theorem ([OhT87], [Ohs88], [Man93]). Let O C C" 6e a hounded pseudo- 
convex domain, and let L he an affine linear suhspace of C" of codimension p ^ 1 
given by an orthonormal system s of affine linear equations si = ■ ■ ■ = Sp = 0. For 
every (3 < p, there exists a constant Cp^n^o, depending only on (3, n and the diame- 
ter of Vt, satisfying the following property. For every ip G CP(0) and f G 0(0 fl L) 
with /qpij;^ \f\'^e~'^dVL < +oo, there exists an extension F G 0(0) of f such that 

Jn JnnL 

where (iVc» and dVL are the Lehesgue volume elements in C" and L respectively. 

In the sequel, we use in an essential way the fact that (3 can be taken arbitrarily 
close to p. It should be observed, however, that the case /? = is sufficient to 
imply the general case. In fact, supposing L = {zi = ■ ■ ■ = Zp = 0} , a, substitution 

((/7,0) t-^ ((/7fc,0fc) with 

(Pk{zi, ... , Zn) = '^{Zi, ... ,2p, 2p+l, . . . , Zn), 

Ofc = |z G C"" ; (2]^ , . . . , 2p, 2p+i, . . . , Zn) G 0| 

shows that the estimate with /? = implies the estimate with (3 = p{l — 1/k) (use 
the change of variable (i = z\, ... , Cp = -Zp, Cj = Zj for j > p, together with the 
Jacobian formula 

^^(^) = |^^|2(l-l/fc)°!''|^^|2(l-l/fc) ^^(0, 

and take the "trace" of the solution F^ on Ojt to get the solution F on O) . The 
L^ extension theorem readily implies the following important monotonicity result. 

2.2. Proposition. Let </? G y(X) he a psh function on a complex manifold X , 
and letYcX he a complex suhmanifold such that ip\Y ^ ^oo on every connected 
component ofY. Then, if K is a compact subset ofY, we have 

ck{^\y) < ck{(p)- 

(Here, of course, ck((/?) is computed on X , i.e., by means of neighborhoods of K 
mX). 

Proof. By Prop. 1.2, we may assume that K — {y} is a single point in Y . Hence, 
after a change of coordinates, we can suppose that X is an open set in C" and 
that Y is an affine linear subspace. Let c < Cy((/7|y) be given. There is a small 
ball B = B{y,r) such that Jg^^y e~^'^'^(iVV < +oo. By the L^ extension theorem 
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applied with /? = 0, = 5, L = y and f{z) = 1, we can find a holomorphic 
function F on S sucfi tliat F{z) = 1 on S n y and /g |Fpe"2'^'^<iVB < +oo. As 
F{y) = 1, we infer Cy{ip) ^ c and the conclusion follows. It should be observed 
that an algebraic proof exists when tp is of the form log \g\, g E 0{X) ; however 
that proof is rather involved. This is already a good indication of the considerable 
strength of the L^ extension theorem (which will be crucial in several respects in 
the sequel). D 

We now show that the inequality given by Proposition 2.2 can somehow be 
reversed (Theorem 2.5 below). For this, we need to restrict ourselves to a class of 
psh functions which admit a "sufficiently good local behavior" (such restrictions 
were already made in [Dem87], [Dem93a] to accommodate similar difficulties). 

2.3. Definition. Let X he a complex manifold. We denote by T^(X) the class of 
all plurisubharmonic functions (p on X such that e'^ is locally Holder continuous 
on X, namely such that for every compact set K d X there are constants 
C = Ck ^ 0, a = ax > with 

|e'^(")-e'^(^)KCrf(x,y)", yx.yeK, 

where d is some Riemannian metric on X. We say for simplicity that such a 
function is a Holder psh function. 

2.4. Example. We are mostly interested in the case of functions of the form 

(^ = maxlog(5^ni/^'Mr^''='' 

with fj^k,i £ ^{X) and aj,fc,z > 0. Such functions are easily seen to be Holder 
psh. Especially, if D = ^ ctj-Dj is an effective real divisor, the potential 
(/? = X] cij log \gj\ associated with [D] is a Holder psh function. 

2.5. Theorem. Let H be a smooth hyper surf ace of X and let T be a closed 
positive current of type (1,1) on X such that its local potential functions (f are 
Holder psh functions with ip\H ^ — oo. We set in this case {somewhat abusively) 
T\H = dd^ip\H- Then for any compact set K C H, we have 

ck{[H]+T);}1 ^ ck{T\h)>1. 

In the algebraic setting (that is, when T = [D] is defined by an effective 
divisor D = ^oljDj), the above result is known as "inversion of adjunction", see 
KoUar et al. [K&al92], 17.7. One says that the pair (X, D) is Ic (= log canonical) if 
ck{D) ^ 1 for every compact set K C X, i.e., if the product Y[ Ifi'jl"^'^"^ associated 
with the generators gj of (D{—Dj) is locally L^ for every c < 1. The result can 
then be rephrased as 

(2.5.1) {X,H + D) isle ^ {H,D\h) isle. 
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Proof of Theorem 2.5. Since the result is purely local, we may assume that 
X = 15(0, r)" is a polydisk in C"^, that H is the hyperplane Zn = and K = {0}. 
We must then prove the equivalence 

Vc < 1, 3U 3 0, exp ( - 2c(log \z^\ + ip{z))) e L\U) 

^ yc'<l,3U'3 0, ex.p{-2c'ip{z',0)) eL\U'), 

where z = (z' , Zn) G C"^ and U , U' are neighborhoods of in C"^, C"^"^ respectively. 
First assume that l/\zn\'^^e'^^'^^'^^ E L^{U). As e*^ is Holder continuous, we get 

on a neighborhood of 0, for some constants Ci, C2, a > 0. Therefore 



Suppose that U = U' x 15(0, r^) is a small polydisk. A partial integration with 
respect to Zn on a family of disks \zn\ < p{z') with p{z') = eex.p{a~^ip{z' , 0)) (and 
£ > so small that p{z') ^ rn for all z' G U') shows that 

''^<-~> > Const f <'^(^'> 



Hence exp(— 2cV(-2'7 0)) G L^{U') with c' = c — (1 — c)a~^ arbitrarily close to 1. 
Conversely, if the latter condition holds, we apply the Ohsawa-Takegoshi extension 
theorem to the function f{z') = 1 on L = H = {zn — 0}, with the weight 
V' = 2c V and (3 = c' < 1. Since F{z',0) = 1, the L^ condition implies the desired 
conclusion. D 

2.6. Remark. As the final part of the proof shows, the implication 

ck{[H]+T)^1 <= ck{T\h)>1. 

is still true for an arbitrary (not necessarily Holder) psh function ip. The 
implication ^, however, is no longer true. A simple counterexample is provided 
in dimension 2hj H = {z2 = 0} and T = dd'^Lp with 



^izi,Z2) = max (A log 1^1 1, - ^/-log\z2\), A>1 

on the unit bidisk £'(0, 1)^ c C^. Then co{[H] + T) = co{[H]) = 1 but 
co(T|h) =co(Alog|2;i|) = 1/A. 

2.7. Proposition. Let X , Y be complex manifolds of respective dimensions n, m, 
let J C Ox, 2 C Oy be coherent ideals, and let K C X , L C Y be compact sets. 
Put'J®d:=prp + p43cOxxY- Then 

CKxL{'J®d)=CK{'J)+CL{d). 
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Proof. By Prop. 1.2, it is enough to show that 0(3;^) (J ® 3) = c^^'i) + Cy{2) at 
every point {x,y) & X x Y . Without loss of generahty, we may assume that 
X C C"", Y C C"^ are open sets and {x,y) = (0,0). Let g = {gi, ... ,gp), resp. 
h = (/ii, . . . , /ig), be systems of generators of J (resp. 3) on a neighborhood of 0. 
Set 

^ = '^og^\gj\, V = log^|/ifc|. 

Then 3 © J is generated by the p + g-tuple of functions 

g®h = (firi(x), . . . gp{x), hi{y), . . . , hq{y)) 

and the corresponding psh function $(x,y) = log ( X] lfi'j(3^)l + X]I^A:(?/)|) has 
the same behavior along the poles as $'(x,y) = ma,x{(p{x),^|J{y)) (up to a term 
0(1) ^ log 2). Now, for sufficiently small neighborhoods U, V of 0, we have 

/U[/xv({niax((/7(x),V'(y)) < logr}) = nu[{ip < logr} x At\/({^ < logr}), 

hence Prop. 1.7(3) implies 
(2.7.1) 

Cyi-+-') ^ ^t/xi/({niax(v?(x),V(?/)) < logr}) < C2r^^'+''"^ \logr\''-^+'^-^ 

with c = co(v') = Co (J) and c' = co{i/j) = co{d)- From this, we infer 

C(o,o)(J©a) =c + c' = co(J)+co(a). □ 

2.8. Example. As cq^z"^) = 1/m, an application of Proposition 2.7 to a quasi- 
homogeneous ideal J = {z'^'^ , . . . , z^^) C Oc",o yields the value 

co(J) = — + •■■ + — . D 

nil nip 



Using Proposition 2.7 and the monotonicity property, we can now prove the 
fundamental subadditivity property of the singularity exponent. 

2.9. Theorem. Let f, g be holomorphic on a complex manifold X . Then, for 

every x E X , 

Cxif + 9) < Cx{f) +Cx(fi'). 

More generally, if J and 2 are coherent ideals, then 

cA^ + 3) <c,(J)+c,(a). 

Proof. Let A be the diagonal in X x X . Then 3 + 3 can be seen as the restriction 
of J © a to A. Hence Prop. 2.2 combined with 2.7 implies 

c,(a + a) = c(,,,)((j © a)|A) < c(,,,)(j © a) = c,(a) + dd). 
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Since {f + g) C (/) + ((7), inequality 1.4 (2) also shows that 

cAf + 9)< c,((/) + (g)) ^ c^f) + cM- □ 

2.10. Remark. If /(xi, . . . , x^), resp. (7(1/1, . . . ,yn), are holomorphic near G C"^, 
resp. G C"^, and such that /(O) — g{0) = 0, we have the equality 

co(/(xi, . . . , a;„) + 5r(yi, . . . , y^)) = min{l, co(/) + Co(fi')}. 

This result is proved in [AGV84], vol. II, sec. 13.3.5 in the case of isolated 
singularities. Another proof, using the computation of cq via a resolution as in 
Prop. 1.7, is given in [Kol97]. It can also be reduced to Proposition 2.7 through a 
log resolution of either /or (7. D 

§3. Semi-continuity of holomorphic singularity exponents 

We first give a new proof (in the spirit of this work) of the semi-continuity theo- 
rem of Varchenko [Var82] concerning leading zeroes of Bernstein-Sato polynomials 
attached to singularities of holomorphic functions. 

3.1. Theorem ([Var82]). Let X be a complex manifold and S a reduced complex 
space. Let f{x,s) be a holomorphic function on X x S. Then for any xq E X , the 
function s 1-^ Cxg{f^xx{s}) '^s lower semi- continuous for the holomorphic Zariski 
topology on S . It even satisfies the following much stronger property: for any 
So G S, one has 

(3-1-1) C2;o(/|Xx{s}) ^ C2;o(/|Xx{so}) 

on a holomorphic Zariski neighborhood of sq {i.e. the complement in S of an 
analytic subset of S disjoint from sq). 

Proof. Observe that if /|xx{so} is identically zero, then Ca;o(/|xx{so}) = ^^d there 
is nothing to prove; thus we only need to consider those s such that f\xx{s} ^ 0. 
We may of course assume that X = B is a, ball in C"^ and xq = 0. Let Y = B x S, 
D = div/ and ^ : Y ^ Y a log resolution of {Y,D). After possibly shrinking 
B a little bit, there is a Zariski dense open set 5*1 C 5" such that if s G 5"!, the 
corresponding fiber 

lis'-Ys-* Bx {s} 

is a log resolution of (S, div f\Bx{s})- Moreover, we may assume that the numerical 
invariants a^, bi attached to Hs '-Ys ^> B as in Prop. 1.7 also do not depend on s. 
In particular, by (1.7.2), co(/|bx{s}) is independent of s G 5*1. 

By induction on the dimension of 5", we obtain a stratification 5" = |J S'i (where 
each Si is a Zariski dense open subset of a closed complex subspace of S) such 
that co(/|Bx{s}) oiily depends on the stratum containing s. Thus (3.1.1) reduces to 
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semi-continuity with respect to the classical topology (considering a l-dimensional 
base is enough, so we may assume the base to be nonsingular as well) . If we put 
(/: = log I/I, this is a special case of the following Lemma, which is essentially 
equivalent to the Main Theorem of [PS99]. Here, we would like to point out that 
this result (which we knew as early as end of 1995) can be obtained as a direct 
consequence of the Ohsawa-Takegoshi theorem [OhT87] . 

3.2. Lemma. Let O C C" and S C C^ be bounded pseudoconvex open sets. Let 
Lp{x, s) be a Holder psh function on Q x S and let K C O, be a compact set. Then 

(1) s 1-^ ck((/?(», s)) is lower semi- continuous for the classical topology on S . 

(2) If So & S and c < ck (</?(•, so)); there exists a neighborhood U of K and a 
uniform bound 

Ju 

for s in a neighborhood of sq. 

Proof. We use the L^ extension theorem of [OhT87] , following an idea of Angehrn- 
Siu [AnSi95]. However, the "effective" part (2) requires additional considerations. 
Notice that it is enough to prove (2), since (1) is a trivial consequence. By shrinking 
Q and S, we may suppose that e^ is Holder continuous of exponent a on the whole 
oi fl X S and that 

Jn 
Let k he a, positive integer. We set 

'i(jk,s{x,t) = 2cip{x, s+ (/ct)^(so — s)) onQ X D, 

where D G C is the unit disk. Then •0 is well defined on O x D if s is close enough 
to Sq. Since '^(a;, l//c) = (/?(x,so), we obtain by Theorem 2.1 the existence of a 
holomorphic function Fk,s{x,t) on Q x D such that Fk,s{x, l/k) = 1 and 

(3.2.3) / \Fk,s{x,t)\^e-^''''^^''^'Uv{x)dV{t)^Ci 

with Ci independent of /c, s. As ^|Jk,s admits a global upper bound independent 
of k, s, the family (-Ffc,s) is a normal family. It follows from the equality 
Fk^a{x, l/k) = 1 that there is a neighborhood U of K and a neighborhood -D(0, e) 
of in C such that |-Ffc,s| ^ 1/2 on U x D(0, e) if k is large enough. A change of 
variable t = k~^T^'^ in (3.2.3) then yields 



r -2cip{x,s+T{so-s)) 

/ 1 |2(i-iA) dV{x)dV{T) < Ak^C 



As in the proof of Theorem 2.5, we get by the Holder continuity of e'^ an upper 
bound 

^2cifi{x,s+T{so-s)) ^ ^^^2cip{x,s) _|_ |^|2caN 
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with a constant C2 independent of s. Hence, for k ^ 1/e, we find 

^ dV{x)dV{T) ^ Cs{k). 



UxD (e2c'^(^'^) + |r|2c")|r|2(i-i/fc) 



By restricting the integration to a family of disks \t\ < C4e" 'fii^'^) (with C4 so 
smaU that the radius is ^ 1), we infer 

u 

Since c — 1/ka can be taken arbitrarily close to ck{'^), this concludes the proof. 
D 

We can now prove the qualitative part of the semi- continuity theorem, in the 
holomorphic case. 

3.3. Theorem. Let X be a complex manifold and K C X a compact subset. 
Then f 1-^ ckU) is lower semi- continuous on 0{X) with respect to the topology 
of uniform convergence on compact subsets. More explicitly, for every nonzero 
holomorphic function f , for every compact set L containing K in its interior and 
every £ > 0, there is a number 5 = 5(/, e, K,L) > such that 

(3.3.1) sup\g-f\<6 => CK{g) > CKif) - e. 

L 

Proof As a first step we reduce (3.3.1) to the special case when K is a single 
point. Assume that (3.3.1) fails. Then there is a sequence of holomorphic functions 
fi G 0{X) converging uniformly to / on L, such that 

CKifi) < CKif) -e. 

By Prop. 1.1 we can choose for each i a point Oi E K such that Ca^ {fi) < cxif) — £• 
By passing to a subsequence we may assume that the points a^ converge to a point 
a & K. Take a local coordinate system on X in a neighborhood of a. Consider 
the functions Fi defined by 

Fi{x) = fi{x + ai -a) 

on a small coordinate ball B{a, r) C L°. These functions are actually well defined 
for i large enough (choose e so that -B(a, r + e) C L and i so large that ja^ — a| < e). 
Then Fi converges to / on B{a,r), but 

Ca{Fi) = Ca^ifi) < CKif) " ^ ^ Ca(/) - 6. 

Therefore, to get a contradiction, we only need proving Theorem 3.3 in case 
K = {a} is a single point. Again we can change notation and assume that X 
is the unit ball and that our point is the origin 0. 
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In the second step we reduce the lower semi-continuity of co(/) to polynomials 
of bounded degree. For a given holomorphic function / let Pk denote the 
degree ^ k part of its Taylor series. The subbaditivity property of Theorem 2.9 
implies |co(/) - coiPk)\ < co{f -pk). As \f{z) - Pkiz)\ = 0(1^1'=+^), the function 
1/ ~ Pk\~'^'^ is not integrable for c ^ n/(k + 1). From this, it follows that 
Coif -Pk) ^ n/{k + 1), hence 

Tl 

(3.3.2) |co(/)_co(pfc)|^-^-py. 

Now, if (fi) converges uniformly to / on a given neighborhood U C C" of 0, the 
degree ^ k part pi^k converges to pk in the finite dimension space C[zi, . . . , Zn]k of 
polynomials of total degree ^ k. Let us view polynomials 



P{z, s) = ^ s^z"" G C[zi, ...,Zn]i 



as functions of their coefficients s = (sa)- By Theorem 3.1, we know that the 
function s i-^ co(-P(», s)) is lower semi-continuous. Hence we get 

coiPi,k) > coiPk) - 2 for z > i{k, e) large enough, 

and thanks to (3.3.2) this implies 

co(/^) > Coif) - I - -j^ > Coif) - e 

by choosing k ^ An/e. D 

In fact, we would like to propose the following much stronger lower semi- 
continuity conjecture: 

3.4. Conjecture. Notation as in Theorem 3.3. For every nonzero holomorphic 
function f , there is a number 5 = 5(/, K,L) > such that 

sup|fi'-/|<5 => CKig)>CKif). 
L 

3.5. Remark. There is an even more striking conjecture about the numbers 
cxif), namely, that the set 

e = {co(/)|/GOc",o}cM 

satisfies the ascending chain condition (cf. [Sho92]; [K&al92], 18.16): any conver- 
gent increasing sequence in C should be stationary. This conjecture and Theo- 
rem 3.3 together would imply the stronger form 3.4. Notice on the other hand 
that there do exist non stationary decreasing sequences in 6 by (1.4.8)*. 



It has been recently observed by Phong and Sturm [PSOO], in their study of integrals of 
the form / l/l^", that the ascending chain condition holds in complex dimension 2. Algebraic 
geometers seem to have been aware for some time of the corresponding algebraic geometric 
statement. 
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§4. Multiplier ideal sheaves and holomorphic approxima- 
tions of psh singularities 

The most important concept relating psh functions to holomorphic objects is 
the concept of multiplier ideal sheaf, which was already considered implicitly in 
the work of Bombieri [Bom70], Skoda [Sko72] and Siu [Siu74]. The precise final 
formalization has been fixed by Nadel [Nad89]. 

4.1. Theorem and definition ([Nad89, 90], see also [Dem89, 93a]). //</?€ ^(X) 
is a psh function on a complex manifold X , the multiplier ideal sheaf ^{lp) C Ox 
is defined by 

r(t/, JM) = {/ G Ox{U) ; l/pe-2^ G LUU)} 

for every open set U d X . Then 3((/?) is a coherent ideal sheaf in Ox- 

The proof that J((/7) is coherent is a rather simple consequence of Hormander's 
L^ estimates, together with the strong Noetherian property of coherent sheaves and 
the KruU lemma. When the psh function </? is defined from holomorphic functions 
as in 2.4, it is easy to see that ?(</?) can be computed in a purely algebraic way 
by means of log resolutions. The concept of multiplier ideal sheaf plays a very 
important role in algebraic geometry, e.g. in Nadel's version of the Kawamata- 
Viehweg vanishing theorem or in Siu's proof [Siu93] of the big Matsusaka theorem. 

We now recall the technique employed in [Dem92] and [Dem93b] to produce 
effective bounds for the approximation of psh functions by logarithms of holo- 
morphic functions. The same technique produces useful comparison inequalities 
for the singularity exponents of a psh function and its associated multiplier ideal 
sheaves. 

4.2. Theorem. Let ^p be a plurisubharmonic function on a bounded open set O C 
C"". For every real number m > 0, let "Kmipi^) be the Hilbert space of holomorphic 
functions f on Q such that f^ \f\'^e~'^'^'^dV < +cxd and let ifjm = -^ log^] \9m,k\ 
where {gm,k) is an orthonormal basis of "Kmipi^) ■ Then: 

(1) There are constants Ci,C2 > independent of m such that 



|2 



c 1 r^ 

Lp{z) ^i^m{z) ^ sup Lp{C) H log 

\C-z\<r 



m - |A_^|^„ ■ ■"' m r"- 



for every z G O and r < d{z, dVt) . In particular, ifjm converges to ip pointwise 
and in Ll^^ topology on O when m -^ +oo and 

(2) The Lelong numbers of ip and V'm ire related by 

n 

u((p, z) ^ i^ii^m, z) ^ z/((/7, z) for every z G O. 

m 

(3) For every compact set K (Z Vt, the Arnold multiplicity of (p, V'm o.nd of the 
multiplier ideal sheaves ^{rrup) are related by 

^k{'^) ^ AK(V'm) = — AA'(J(m)) ^ Ak(v^)- 

TO TO 
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Proof. (1) Note that ^ \gm,k{z)\'^ is the square of the norm of the evaluation hnear 
form / h-i> fi^z) on "Kmipi^)- As (/? is locally bounded above, the L^ topology is 
actually stronger than the topology of uniform convergence on compact subsets 
of Q. It follows that the series Y2 Ifi'm.fcP converges uniformly on Q and that its 
sum is real analytic. Moreover we have 

Ipmiz) = sup — log|/(z)| 

feB{i) m 

where -B(l) is the unit ball of J{^<^(0). For r < d{z, 90), the mean value inequality 
applied to the psh function |/p implies 

If we take the supremum over all / G -B(l) we get 

l/jrniz) ^ sup V'(C) + TT- log n 2n/ I 

and the right hand inequality in (1) is proved. Conversely, the Ohsawa-Takegoshi 
extension theorem applied to the 0-dimensional subvariety {z} C O shows that for 
any a G C there is a holomorphic function / on O such that f{z) = a and 






where C3 only depends on n and diamO. We fix a such that the right hand side 
is 1. This gives the left hand inequality 

(4.2.4) ij^z) ^ - log \a\ = ^{z) - i^. 

m 2m 

(2) The above inequality (4.2.4) implies u^i/jm, z) ^ z/((/?, 2). In the opposite 
direction, we find 

1 C2 

sup i/j^ix) ^ sup v^(C) H log^7- 

\x — z\<r |C-^|<2r ^ ^ 

Divide by logr and take the limit as r tends to 0. The quotient by logr of the 
supremum of a psh function over B{x,r) tends to the Lelong number at x. Thus 
we obtain 

v{il)^,x) ^ i^{ip,x) . 

TO 
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(3) Inequality (4.2.4) already yields XKii^m) ^ Xk{'^)- Moreover, the multiplier 
ideal sheaf !J(m(/?) is generated by the sections in "Kmipi^) (as follows from the proof 
that !J(m(/7) is coherent), and by the strong Noetherian property, it is generated 
by finitely many functions {gm,k)o^k^ko(m) on every relatively compact open set 
O' (E O. It follows that we have a lower bound of the form 

(4.2.5) ijrniz) -C4^ -Z—log V" \gm,k\^ ^ i^miz) OU O'. 

2m ^ — ^ 

By choosing O' D K, we infer XKii^m) = :^ ^k Chirrup). If A > XRi^m), i-e., 
1/mX < CK(3(rM(/7)), and if t/ C O' is a sufficiently small open neighborhood of K, 
the Holder inequality for the conjugate exponents p = 1 +mX and q = 1 + {mX)~^ 
yields 

(4.2.6) ^{ko{m)+lf'Aj [ Y. \3m,k\'' 

y^ 0^k^ko{m) 

(The estimate in the last line uses the fact that 

/ \9m,k\^e-^^^dV ^ [ \g^,k\^e-^^^dV = 1. ) 
Ju Jo. 

This implies ck{'~p) ^ mp~^, i.e., Xxi^p) ^ p/m = A + 1/m. As A > Ai^('i/'m) was 
arbitrary, we get Ak((/7) ^ XK{i^m) + l/m and (3) follows. D 

The "approximation theorem" 4.2 allows to extend some results proved for 
holomorphic functions to the case of psh functions. For instance, we have: 

4.3. Proposition. Let (f G y{X), i/j G CP(l^) be psh functions on complex 
manifolds X , Y , and let K C X , L C Y be compact subsets. Then: 

(1) For all positive real numbers c', c" with c' > ck{^) > c" {if any) and every 
sufficiently small neighborhood U of K , there is an estimate 

Cir^"' ^ ^lu{{^ < logr}) ^ Csr^^", Vr < ro 

for some ro > and Ci = Ci(c'), C2 = C2{c"). 

(2) CKxL(niax((/7(x),V'(2/)) = ck{v^) +cl(V'). 

(3) If X = Y, then C2;(max((/7, -i/')) ^ Cnc{Lp) + Cnc{'i/j) for all x E X. 

Proof. (1) The upper estimate is clear, since 



^-2c 



'^luiW < logr}) ^ / e-^^"'^dV < +00 
Ju 
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for U G K sufficiently small. In the other direction, we have an estimate 

//^({V'^<logr})^Ci,^r2--(^™) 

by Proposition 1.7 (3) and (4.2.5). As </? ^ Vm + C2,m for some constant C2,m > 0, 
we get 

{lP <r} D {ipra < logr-C2,m}, 

and as CK^'^m) converges to ck{^) by 4.2 (3), the lower estimate oi nuiW < fog^}) 
follows. 

(2), (3) can be derived from (1) exactly as for the holomorphic case in Prop. 2.7 
and Theorem 2.9. It should be observed that 4.3 (1) expresses a highly non trivial 
"regularity property" of the growth of volumes /«[/({</' < logr}) when (/? is a psh 
function (when </? is an arbitrary measurable function, v{r) = nudf < logr}) is 
just an arbitrary increasing function with limr^o'i^(^) = 0). D 

4.4. Remark. In contrast with the holomorphic case 1.7(3), the upper estimate 
fJ'uiW < fog^}) ^ C2r'^^ does not hold with c" = ck{'p), when </? is an arbitrary 
psh function. A simple example is given by (f{z) = x° fog kl where % : M ^ R is a 
convex increasing function such that x(t) ~ t as t ^ — oo, but e^^"^' 7^ r as r ^ 0, 
e.g. such that x(t) = log(t) — log(— logt) when t < 1/2. On the other hand, the 
lower estimate HuiW < fog^}) ^ Cir^"^ seems to be still true with c' — c^ (</?), 
although we cannot prove it. 

§5. Semi-continuity of psh singularity exponents 

We are now in a position to prove our main semi-continuity theorem. 

5.1. Proof of Theorem 0.2. Let O C C" be a bounded pseudoconvex open set and 
let (pj G y(0) be a sequence of psh functions converging to a limit (f G ^(O) in the 
weak topology of distributions. In fact, this already implies that ipj — * </? almost 
everywhere and in L\^^ topology; to see this, we observe that the coefficients of 
Tj := dd'^ipj are measures converging to those of T = dd'^ip in the weak topology 
of measures; moreover </?_,• and </? can be recovered from Tj and T by an integral 
formula involving the Green kernel; we then use the well known fact that integral 
operators involving a L^ kernel define continuous (and even compact) operators 
from the space of positive measures equipped with the weak topology, towards the 
space of L^ functions with the strong L^ topology. 

Fix a compact set K G fl. By the process described in Theorem 4.2, we get 
for each to G N* an orthonormal basis {gj,m,k)ken of J-Cmipji^), such that 

(5.1.1) ^,iz) - ^ ^ ^fogE l^wr ^ ^^P /.(O + -l°g;l 

for every ^ G O and r < d{z,dQ). In particular, all sequences {gj,m,k)jen are 
uniformly bounded from above on every compact subset of O. After possibly 
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extracting a subsequence, we may assume that all gj,m,k converge to a limit 
9m,k £ 0(0) when j — > +00. Thanks to (5.1.1) we find in the limit 



/^ 1 1 

V(^) ^ ^ 7^— logy'|^,n,fc|^ ^ sup V'(C)H log 

ken I*" ^l<^ 



Co 



Fix a relatively compact open subset O' d O containing K. By the strong 
Noetherian property already used for (4.2.5), there exist an integer ko{m) and 
a constant C^^m) > such that 

(p{z) -C4{m) ^ —log J^ |fi'm,A;P OU O'. 

O^A;^A;o("^) 

Now, for c < Ci^ ((/?), there is a neighborhood U of K on which 

/ ( E \9m,k\'y^^"^dV < e^^^^M / e-'^^dV < +00. 

Take (without loss of generality) m ^ 2ck ((/?). Then c/m < 1/2 and Formula 1.5.1 
shows that there is a linear combination J2o<k<k (m) '^m,kgm,k with a = (am, it) 
in the unit sphere of C'^o{m)+i^ such that 

/ Z^ Oim,k9m,k dV < C5(m) / e" ""^rfF < +00, 

where C5(m) is a constant depending possibly on m. By construction, 

0^k^ko{m) 

is an element of the unit sphere in 'KruLpj (O) , and /j^^ converges uniformly on O 
to fm — ^C(m,k9m,k such that J^j \fm\~'^'^^'^dV < +00. By Lemma 5.2 below, for 
any c' < c and K C U' <^ U,we have a uniform bound J^, |/j,Tn|~^'^ /"^(iF ^ CQ{m) 
for J ^ Jo large enough. Since /^^ \fj,m\'^e~^'^'^^dV = 1, the Holder inequality for 
conjugate exponents p = 1 + m/c' , q = 1 + c' /m yields 



[/' Ju' 

/ f I \ ml (m^c ) 

for j ^ Jo. Since c, c' are arbitrary with c' < c < ck{'^), the exponent mc' /{m + c') 
can be taken to approach c as closely as we want as m gets large. Hence 
ck{^j) > ck{h^) — £ for j ^ io(£) large enough. Moreover, by what we have 
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seen above, if c < ck{'^) is fixed and < S < ck{'^)/c — 1, there exists ji{S) such 
that the sequence ie~'^'^'^^)j^ji{5) is contained in a bounded set of L^~^^{U), where 
U is a, smaU neighborhood of K. Therefore 

Un{e-^'"^J>M} 

for j ^ ji{^)j with a constant Cg independent of j. Since e"^'^'^^ converges 
pointwise to e"^'^'^ on O, an elementary argument based on Lebesgue's bounded 
convergence theorem shows that e"^'^'^^ converges to e"^'^'^ in L^{U). D 

To complete the proof, we need only proving the following effective estimate 
for holomorphic functions, which is a special case of part (3) in the Main Theorem. 

5.2. Lemma. Let O C C"" be a bounded pseudoconvex open set, and let fi G 0(0) 
be a sequence of holomorphic functions converging uniformly to f E 0(0) on 
every compact subset. Fix a compact set K d Vt and c < cxif)- Then there is a 
neighborhood U of K and a uniform bound C > such that 



f \f,\-^-dv^c 

Ju 



for i ^ io sufficiently large. 



Proof. We already know by Theorem 3.3 that Jjj \fi\~'^'^dV < +oo for U small 
enough and i large. Unfortunately, the proof given in Theorem 3.3 is not effective 
because it depends (through the use of Hironaka's theorem in the proof of estimates 
1.7(3) and (2.7.1)) on the use of a sequence of log resolutions on which we 
have absolutely no control. We must in fact produce an effective version of 
inequality (3.3.2). 

The result of Lemma 5.2 is clearly local. Fix a point xq E K (which we assume 
to be for simplicity), real numbers c', c" with c < c" < c' < cxif) ^ co(/) and 
an integer k so large that 

Let pk be the truncation at order k of the Taylor series of / at the origin. As 
co{pk) ^ co(/) — ■^;xi > c' by (3.3.2), there is a small ball B' = -B(0, Tq) such that 



/ \pk\-^''dV<+oo. 
Jb' 



Since the truncations pi^k of fi^k converge uniformly to pk on C" as z ^ +oo. 
Lemma 3.2 applied to the universal family of polynomials P{z, s) = X]|Qf|<fc ■^a-^" 
shows that for any ball B" d B', there is a constant M ^ and an integer io such 
that 



/ \p^,k\~^''" dV ^ M fori^io. 

J B" 
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Let US write pi^k = fi — 9i,k where Qi^k consists of the sum of terms of degree > k 
in the Taylor expansion of fi at the origin. By the Ohsawa-Takegoshi theorem 
apphed with the weight function '^(a;, y) = 2c log \fi{x) — gi,kiy)\ on B" x B" and 
L = diagonal of C"^ x C", there is a holomorphic function Fi on B" x B" such 
that Fi{x,x) = 1 and 

B"xB" 

with a constant Ci independent of i. The above L^ estimate shows that (Fi) is 
bounded in L^ norm on B" x B". Hence, there is a small ball B = 5(0, tq) d B" 
such that \Fi{x, y)\ ^ 1/2 on B x B for all i ^ io, and 

(5.2.1) [ |/,(x) - g,,k{y)\-'''"dV{x) dV{y) ^ AC^. 

JbxB 

Moreover, we have a uniform estimate \gi^k{y)\ ^ C2\y\'^~^^ on B with a constant 
C2 independent of i. By integrating (5.2.1) with respect to y on the family of balls 
\y\ < {\fi{x)\/2C2)^^'-''^^\ we find an estimate 

(5.2.2) / |/,(x)|2-/('=+i)-2-"rfy(x) ^ Cs. 

Jb 

As c" — n/{k + 1) > c, this is the desired estimate. It is interesting to observe 
that the proof of the Main Theorem can now be made entirely independent of 
Hironaka's desingularization theorem. In fact, the only point where we used it is 
in the inequality co{pk) ^ co{f) — kTi^ which we derived from Proposition 2.7. 
The latter inequality can however be derived directly from the Ohsawa-Takegoshi 
theorem through estimates for /g^^ \Pk{x) + gk{y)\~'^^dV{x) dV{y). D 

5.3. Remark. It follows from the proof of Prop. 1.7 that the set of positive 
exponents c such that |/|~^"^ is summable on a neighborhood of a compact set 
K is always an open interval, namely ]0, ck(/)[. We conjecture that the same 
property holds true more generally for an arbitrary psh function </? ("openness 
conjecture"); the openness conjecture is indeed true in dimension 1, since we have 
the well known necessary and sufficient criterion 

e-^^ e Ll,{V{xo)) ^ iy{ip, xo)<l 

(as follows e.g. from [Sko72]). By using the Main Theorem, the openness conjecture 
would imply the following stronger statement: 

5.4. Strong openness conjecture. Let U' (£ U (£ X be relatively compact 
open sets in a complex manifold X. Let ip be a psh function on X such that 
^^e~'^dV < +00. Then there exists e = e{ip,U,U') such that for every ifj psh 
on X 

<e ^ / e'^f^dV < +CX). 



'u 
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In other words, the integrability of e"*^ near a given compact set K should he an 
open property for the L\^^ (= weak) topology on '^{X). 

The main theorem only yields the weaker conclusion ^^, e~^^~ '^ dV < +00 
for 11^ - (/7||li([/) <e = £(v?, U, U' , 5). 

§6. Existence of Kahler-Einstein metrics on Fano orbifolds 

An orhifold is a complex variety X possessing only quotient singularities, 
namely, every point Xq E X has a neighborhood U isomorphic to a quotient 
0/$ where $ = $^0 is a finite group acting holomorphically on a smooth open 
set O C C"^. Such an action can always be linearized, so we may assume that $ 
is a finite subgroup of GL^(C) and O a ^-invariant neighborhood of (with xq 
being the image of 0) . We may also assume that the elements of G distinct from 
identity have a set of fixed points of codimension ^ 2 (otherwise, the subgroup 
generated by these is a normal subgroup iV of $, Q./N is again smooth, and 
0/$ = {Vt / N) / {(^ / N)) . The structure sheaf Ox (resp. the m-fold canonical sheaf 
K'^^) is then defined locally as the direct image by tt : O ^ t/ ~ 0/$ of the 
subsheaf of ^-invariant sections of the corresponding sheaf on O : 

r(y. Ox) = r(7r-i(y), 0,,)*, r(y, Kf^) = vi-K-^v), K^'^f, 

for all open subsets V C U. There is always an integer mo (e.g. ruQ = ^^) such 
that K^"^" has ^-invariant local generating sections, and then clearly K'^^ is an 
invertible Ox-niodule whenever m is divisible by the lowest common multiple fj. 
of the integers toq occurring in the various quotients. Similarly, one can define 
on U (and thus on X) the concepts of Kahler metrics, Ricci curvature form, etc, 
by looking at corresponding ^-invariant objects on O. We say that a compact 
orbifold X is a Fano orhifold if K^^ is ample, which is the same as requiring 
that K^^ admits a smooth hermitian metric with positive definite curvature. In 
that case, we define the curvature of K^^ to be 1//U times the curvature of K^^ . 
The integral of a differential form on X (say defined at least on Xreg) is always 
computed upstairs, i.e. /^/^ a = -^ Jq n^a. 

6.1. Definition. A compact orhifold X is said to he Kahler-Einstein if it possesses 
a Kahler form ^ = ^^ Ujkdzj A dzk satisfying the Einstein condition 

Ricci(a;) = Xuj 

for some real constant X, where where Ricci(co') is the closed (1, l)-form defined in 
every coordinate patch hy Ricci(a;) = —^ddlogdet{ujjk)- 

Since Ricci(a;) is the curvature form of K^ = detTx equipped with the 
metric detcu, a necessary condition for the existence of a Kahler-Einstein metric 
with constant A > is that K^ is ample, i.e., that X is Fano. On the other 
hand, it is well known that not all Fano orbifolds are Kahler-Einstein, even when 
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they are smooth; further necessary conditions are required, e.g. that the group 
of automorphisms Aut(X)° is reductive ([Mat57], [Lic57]), and that the Futaki 
invariants vanish [Fut83] ; for instance P^ blown up in 2 points has a non reductive 
group of automorphisms and therefore is not Kahler-Einstein. 

It is usuaUy much harder to prove that a concretely given Fano orbifold 
is Kahler-Einstein. Siu [Siu87, 88], and slightly later Tian [Tia87] and Nadel 
[Nad89, 90], gave nice sufficient conditions ensuring the existence of a Kahler- 
Einstein metric; these conditions always involve the existence of a sufficiently big 
group of automorphisms. Our goal here is to reprove Nadel's main result in a more 
direct and conceptual way. 

6.2. Technical setting. We first briefiy recall the main technical tools and 
notation involved (see e.g. [Siu87] for more details) . The anticanonical line bundle 
K^ is assumed to be ample. Therefore it admits a smooth hermitian metric ho 
whose (1, l)-curvature form 6*0 = 2^-D^ is positive definite. Since 6q G ci(X), the 
Aubin-Calabi-Yau theorem shows that there exists a Kahler metric ujq G ci{X) 
such that Ricci(a;o) = ^o- [The Aubin-Calabi-Yau is still valid in the orbifold 
case, because the proof depends only on local regularity arguments which can be 
recovered by passing to a finite cover, and global integral estimates which still 
make sense by the remark preceding Def. 6.1]. Since both ^o and ujq are in ci{X), 
we have 

(6.2.1) cjo = ^0 + -^ddf for some / G C°°(X). 

27r 

We look for a new Kahler form u = ujq + -^ddip in the same Kahler class as cuq, 
such that Riccicu = uj. Since Ricci(a;o) = ^o, this is equivalent to 

__Laaiog(deta;) = c^ = ^0 + ^dd{y^ + f) = -^aaiog(detc^o) + ^My^ + f), 

that is, 

-,— / , det UJ 



dd(log-^ + ip + f]=0, 
\ det ujq / 

which in its turn is equivalent to the Monge-Ampere equation 

(6.2.2) log ^ \ ^' + v? + / + C = 

where C is a constant. Here, one can normalize ip so that </? is orthogonal to the 
1-dimensional space of constant functions in L^(X, wq), i-e., f^^pujQ = 0. The 
usual technique employed to solve (6.2.2) is the so-called "continuity method". 
The continuity method amounts to introducing an extra parameter t G [0, 1] and 
looking for a solution ((/Jt, Ct) of the equation 

(6.2.3) iog^-^f^±J^^^^+t{ipt + f)+Ct = 0. f ^00^ = 

'^0 Jx 
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as t varies from to 1. Clearly (/?o = 0, Cq = is a solution for i = and 
((/?, C) = {ipij Ci) provides a solution of our initial equation (6.2.2). Moreover, the 
linearization of the (nonlinear) elliptic differential operator occuring in (6.2.3) is 
the operator 

(6.2.4) {tjj, C) ^ -^A^> + tij + C 

where ut is the Kahler metric uJt = ujo + -^ddipt and A^^^ is the associated Laplace 
operator (with negative eigenvalues). The equation (6.2.3) is easily seen to be 
equivalent to Ricci(c<;t) = tut + (1 — t)9o. From this we infer Ricci(a;t) > tut for 
all t < 1, and it then follows from the Bochner-Kodaira-Nakano identity that all 
nonzero eigenvalues of —^Aoj-,. are > t (this is clear directly for —^Ai_j^ acting on 
(0, l)-forms, and one uses the fact that d maps the A-eigenspace £'^'^(A) of — 2^At^^ 
in bidegree {p,q) into the corresponding eigenspace i?^''^+^(A)). Then, thanks to 
Schauder's estimates, (6.2.4) induces an isomorphism C^"^ (X)©R — > Q^(X) where 
s G M+ \ N and G^{X) (resp. C^(X)) is the space of real functions (resp. real 
functions orthogonal to constants) of class C^ on X. Let T C [0, 1] be the set of 
parameters t for which (6.2.3) has a smooth solution. By elliptic regularity for 
(nonlinear) PDE equations, the existence of a smooth solution is equivalent to the 
existence of a solution in G^{X) for some s > 2. It then follows by a standard 
application of the implicit function theorem that Tfl [0, 1[ is an open subset of the 
interval [0, 1[. 

6.3. Sufficient condition for closedness. In order to obtain a solution for all 
times t G [0, 1], one still has to prove that T is closed. By the well-known theory 
of complex Monge-Ampere equations ([Aub78], [Yau78]), a sufficient condition for 
closedness is the existence of a uniform a priori C^-estimate || ^i || 6° ^ Const for the 
family of functions ^t = t(^t + Ctj t El, occuring in the right hand side of (6.2.3). 
A first observation is that 

(6.3.1) sup(/?t ^ Const, hence supi^t ^ Ct + Const, 

X X 

as follows from the conditions /^ 'Pt^o = and -^ddipt ^ — "^o? by simple 
considerations of potential theory. On the other hand, by [Siu88, Prop. 2.1] or 
[Tia87, Prop. 2.3], we have the Harnack-type inequality 

(6.3.2) sup(-^t) ^ (n + e) sup ^pt + ^e, 

X X 

where £ > and A^ is a constant depending only on e. Hence supj^(— (^t) ^ 
(n + e)Ct + Ag and we thus only need controlling the constants Ct from above. 
Now, equation (6.2.3) implies 
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For 7 G ]0, 1[, we easily infer from this and (6.3.2) that 



uJq ^ Const exp ((1 — 7) sup(— (/?t)) / e~ 
Jx X Jx 

^ Const, e(^-^)("+^)^* [ e-''^'u, 



■'yvt,,,n 



U), 







t, ,"■ 
X 



^ Const. e-(^-(^-'^)("+^))^* / e-^'^^'ujn. 



X 



If 7 £ ];iTT' ■'■[ ^^*^ ^ ^^ smaU enough, we conclude that Ct admits an upper bound 
of the form 



Jx 



where B'^ and B'^ depend only on 7. Hence closedness of T is equivalent to the 
uniform boundedness of the integrals 

(6.3.3) / e-^*^*w^, t e T, 

Jx 

for any choice of 7 G ]^^^, ![• 

This yields the following basic existence criterion due to Nadel [Nad89, 90]. 

6.4. Existence criterion for Kahler-Einstein metrics. Let X be a Fano 
orbifold of dimension n. Let G he a compact subgroup of the group of complex 
automorphisms of X . Then X admits a G -invariant Kahler-Einstein metric, 
unless K^^ possesses a G-invariant singular hermitian metric h = hoe~'^ {Hq being 
a smooth G-invariant metric and (f a G-invariant function in L\^^{X)), such that 
the following properties occur. 

(1) h has a semipositive curvature current 

Qh = -^ddlogh = Qh, + ^dd^ ^ 0. 

Ztv Ztv 

(2) For every 7 G ]^^^,1[; the multiplier ideal sheaf '3 {'-yip) is nontrivial, {i.e. 
0^J(7V?)^Ox)r 

According to the general philosophy of orbifolds, the orbifold concept of a 
multiplier ideal sheaf J (7'/') is that the ideal sheaf is to be computed upstairs on a 
smooth local cover and take the direct image of the subsheaf of invariant functions 
by the local isotropy subgroup; this ideal coincides with the multiplier ideal sheaf 
computed downstairs only if we take downstairs the volume form which is the push 
forward of an invariant volume form upstairs (which is in general definitely larger 
than the volume form induced by a local smooth embedding of the orbifold) . 

Proof. Let us start with a G-invariant Kahler metric ujq = -^ddlogh^ , where /iq 
and 0^0 have the same meaning as in 6.2; indeed, if /iq is not G-invariant, we can 
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average it by using the G-action, that is, we define a new metric (/ig^)"^ on Kx 
by putting 

JgeG 

and we again have Uq := ■^ddlog{hQ)~^ > 0. Now, all cpt can be taken to be G- 
invariant. If the continuity process ceases to produce a solution (/?t at t = to G [0, 1] 
(thus, if to G T \ T), there exists a sequence ti^ E 7 converging to to and (6.3.3) 
implies limj^^+oo /x 6"'^*" '''*'" "^o — +^^ ^o^ every 7 G ]^^^,1[. As the space of 
closed positive currents contained in a given cohomology class is compact for the 
weak topology, one can extract a subsequence G(p) = a;o + 'i^^^'Pti,{p) converging 
weakly to a limit & = ujq -\- i^ddip ^ 0. The potential </? can be recovered from 
Tr © by means of the Green kernel, and therefore, by the well-known properties of 
the Green kernel, we infer that (pt^, converges to </? in L^{X). The semicontinuity 
theorem in its effective version 0.2.2 shows that 

/ e-^*°^c^o" = +00 for all 1 e]^, 1[, 
Jx 

and therefore /^ e~'^'^ujQ = +00 for all 7 G ];^, ![• From this we conclude that 
J(7(/7) 7^ Ox- The fact that J(7(/7) 7^ is clear since </? ^ — 00. D 

Before going further, we need Nadel's vanishing theorem (a generalized version 
of the well-known Kawamata-Viehweg vanishing theorem. It is known to be a 
rather simple consequence of Hormander's L^ estimates, see e.g. [Dem89], [Nad89], 
[Dem93b] or [Dem94]). 

6.5. Nadel vanishing theorem. Let {X, uj) be a Kdhler orbifold and let L be a 
holomorphic orbifold line bundle over X equipped with a singular hermitian metric 
h of weight (f with respect to a smooth metric Hq {i.e. h = hoe~'^). Assume that 
the curvature form QhiL) = ^D^ is positive definite in the sense of currents, i.e. 
G/i(L) ^ euj for some e > 0. If Kx ^ L is an ivertible sheaf on X , we have 

H'^{X,Kx(»L®'J{ip)) =0 for all q^ I. 

Recall that an "orbifold line bundle" L, is a rank 1 sheaf which is locally an 
invariant direct image of an invertible sheaf on O by the local quotient maps 
O -^ 0/$ ; L itself need not be invertible; similarly, ® is meant to be the orbifold 
tensor product, i.e., we take the tensor product upstairs on O and take the direct 
image of the subsheaf of invariants. The proof is obtained by the standard L^ 
estimates applied on X^eg with respect to an orbifold Kahler metric on X. It is 
crucial that Kx ® Lhe invertible on X, otherwise the set of holomorphic sections 
of Kx ® L satisfying the L^ estimate with respect to the weight e~^ might differ 
from the orbifold tensor product Kx CS L eg) ?(</?) [and also, that tensor product 
might be equal to Kx (8> L even though 3((/?) is non trivial]. 

6.6. Corollary. Let X, G, h and ip be as in Criterion 6.4. Then, for all 

7e]^,l[, 
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(1) the multiplier ideal sheaf^i^tp) satisfies 

H'i{X,J{'yip)) = for all q^ I. 

(2) the associated subscheme V^ of structure sheaf Oy^ = Ox/JItv^) is nonempty, 
distinct from X , G -invariant and satisfies 

' ^ yy) for q ^ 1. 

Proof. Apply Nadel's vanishing theorem to L = K^ equipped with the singular 
hermitian metric h^ = hoe~^'^. Then G^ = 7©^ + (1 — 7)0^0 ^ (1 — 7)^0 > 0, 
and (1) follows. Finally, since X is Fano, we get 

H'^{X,Ox) = forallg^l, 

by Kodaira vanishing for L = K^ . The exact sequence 

-. a(7v?) ^Ox^Ov.^O 

immediately implies (2). D 

The strategy employed by Nadel [Nad90] to construct Kahler-Einstein metrics 
is to rule out the existence of any G-invariant subscheme with the properties 
described in 6.6(2). Of course, this is easier to achieve if G is large. One uses 
the following observations (assuming that the closedness property fails, so that all 
subschemes Vj are nontrivial). 

6.7. Proposition. All subschemes V^ are connected. Therefore, if G has no fixed 
points, Vj cannot be 0- dimensional. 

Proof. The connectedness of Vj is a straightforward consequence of the equality 

H^{V^,(Dv,)=C. D 

6.8. Proposition. // V^ contains irreducible components Zj of codimension 1, 
then the corresponding divisor Z = "^mjZj satisfies the numerical inequality 
[Z] ^ 7[-f^x ] ^'^ ^^^ sense that 7[i^x ] ~ i^] '^'^^ ^^ represented by a closed positive 
current. In particular, one always has the inequality 

i-Kxr-'-z^^i-Kxr. 

If K^ generates the group W{X) of Weil divisors of X modulo numerical 
equivalence, then V^ must have codimension ^ 2. 

In the smooth case we have of course W{X) = Pic(X), but in general Pic(X) is a 
subgroup of finite index in W{X). 
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Proof. Consider the closed positive (1, 1) current Oh = "^0 + ^^^'^ (which belongs 
to the first Chern class ci{K^ )), and let 

6/, = ^ Xj [Zj] +R, Xj>0, R^O 

be the Siu decomposition of Oh (namely, the [Zj] 's are currents of integration 
over irreducible divisors and R is a, closed (1, l)-current which has nonzero Lelong 
numbers only in codimension 2). It is then easy to see that the subscheme V^ 
defined by J(7V') precisely has [Z] = ^ Lt-^jJ i^j] ^^ i^^ 1-codimensional part 
(here, |_ J denotes the integral part). Hence 7G/1 — [Z] ^ as asserted. If K^ 
generates Pic(X), this implies Z = 0, since there cannot exist any nonzero effective 
integral divisor numerically smaller than [K^ ]. D 

When dimX = 3, G has no fixed points and K^ generates W{X), we are 
only left with the case Vj is of pure dimension 1. This case can sometimes be 
ruled out by observing that certain groups cannot act effectively on the curve V^ 
(As H^{Vj, ^v^) = 0, V^ is a tree of rational curves; see Nadel [Nad90, Th. 4.1, 
4.2 and Cor. 4.\]). 

Further a priori inequalities can be derived for certain components of the 
multiplier ideal subschemes Vj. Especially, for components of codimension 2, we 
have the following simple bound, based on a use of a self-intersection inequality 
for the current G = cuq + ^ddcp. 

6.9. Proposition. Assume that W{X) is generated by K^ and that a is 
a nonnegative number such that the orbifold vector bundle Tx ® 0{—aKx) is 
numerically effective. Then the codimension 2 components Zj of V-y satisfy the 
inequality 

where Uj ^ I/7 is the generic Lelong number of = ujq + i^ddip along Zj, and 
dj is the order of the local isotropy group of the orbifold at a generic point in Zj . 
Especially, if •^ is taken to be sufficiently close to ^;^, we have 



E(-^ 



.n-2 - ^ 



2 



xr-'-Z,^-^6{l + a){-Kxr 

where d is the maximum of the the orders of the isotropy groups. 

Proof. Since Vj is of codimension 2 for 7 arbitrarily close to 1, the generic Lelong 
number of </? must be ^ 1 along all components of codimension 1 in the Lelong 
sublevel sets Ec{^p) = -E'c(G) [again, Lelong numbers and Lelong sublevel sets are 
to be interpreted upstairs, on a smooth finite cover]. If a codimension 2 component 
Zj occurs in 3{'j(f), the generic Lelong number 'jUj of 799 along that component 
must be ^ 1, hence Uj ^ I/7. We now apply the regularization theorem for 
closed (1, 1) -currents ([Dem92], Main Theorem). For every c > 1 we obtain a 



32 J. -P. Demailly, J. Kollar, Semi-continuity of complex singularity exponents 

current Oh,c cohomologous to G (hence in the class ci{K^ )), which is smooth on 

X \ Ec{&), thus smooth except on an analytic set of codimension ^ 2, such that 
0/i,c ^ —{ca + s)LVo and such that the Lelong numbers of Qh,c are shifted by c, i.e. 
^x{^h,c) = (i^a:(0) — c) + . The intersection product A (©c + {ca + s)u!o) is well 
defined, belongs to the cohomology class (1 + ca + e){—Kx)^ and is larger than 

XI j'^ji^j ~ c)[-^j] as a current. Hence, by taking the intersection with the class 
{-KxY~'^ we get 



3 



[The extra factor l/5j occurs because we have to divide by 5j to convert an integral 
on a finite cover O to an integral on the quotient 0/$]. As c tends to 1 + and e 
tends to 0+, we get the desired inequality. The last observation comes from the 
fact that 3(^7) must be constant on some interval ];7^, -:^^+5[, by the Noetherian 
property of coherent sheaves. D 



6.10. Example. Let Pa = P'^(ao, ai, 02, as) be the weighted projective 3-space 
with weights ao ^ ai ^ a2 ^ 03 such that the components ai are relatively prime 
3 by 3. Let 

X = {P{xo,Xi,X2,X3) = 0} 

be a generic surface of weighted degree d inFa- It is known (see Fletcher [Fle89]) 
that X has an orbifold structure if and only if the following conditions are satisfied: 

(i) For all j, there exists a monomial xJ^Xk(j) of degree d ; 

(ii) For all distinct j, k, either there exists a monomial x'^x^ of degree d, or there 
exist monomials x^^x-^^xi-^, x^'^x^x^^ of degree d with £1 7^ ^2 ; 

(iii)For all j, there exists a monomial of degree d which does not involve Xj. 

Moreover, —Kx = Ox{k — d) (and hence {—Kx)'^ = d{k — d)'^ / {aoaia2a3)) if and 
only if the following condition also holds: 

(iv) For every j, k such that aj and a^ are not relatively prime, there exists a 
monomial xj^x^ of degree d. 

We would like to use the conditions of Propositions 6.8 and 6.9 to show that X 
carries a Kahler-Einstein metric. 

Proposition 6.8 clearly applies if we can prove that {—Kx) ■ Z > |(— Kx)^ for 
every effective curve on X. This is not a priori trivial in the examples below since 
the Picard numbers will always be bigger than 1. Using the torus action, every 
curve on a weighted projective space can be degenerated to a sum of lines of the 
form {xi = Xj = 0). Thus {—Kx) ■ Z is bounded from below by 1/(0203). Thus 
{-Kx) ■ Z > U-Kx)'^ holds if 



1 2d{k-d)^ . 2 



> , i.e. aoGi > -d{k — d) 



2 



0203 3 aoaia2a3 3 
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In the examples we give at the end this is always satisfied. 

In order to apply Proposition 6.9, we need to determine Tx- We have exact 
sequences 

and we get from there a surjective arrow 



0Ox(a.)^Ox(rf) 



given explicitly by the matrix (dP/dxi). From the above exact sequences, we find 
a sequence of surjective arrows 

Ox{a^ + aj) -^ Ox(A'Tp^ix) -^ Tx Ox{d). 

(Of course, formally speaking, we are dealing with orbifold vector bundles, which 
can be considered as locally free sheaves only when we pass to a finite Galois 
cover). Moreover, 

Ox{a, + a,)^Tx®Ox{d) 

is surjective over the open set where Xk 7^ 0. This proves that, as an orbifold vector 
bundle, Tx Ox ((i — ao — 02) is nef if the line {xq = xi = 0) is not contained in X. 

The maximal order 6 of the isotropy groups is less than as - which is indeed 
the maximum for P^ itself - resp. 02 if as divides d, since in that case a generic 
surface of degree d does not pass through the point [0:0:0:1]. This shows that 
we can take a = {d — ao — a2)/{k — d) in Proposition 6.9, and as the Zj are points 
and n = 2, we find the condition 



4 / d — ttQ — a2\d{k — dy 

^ Q«3(l + 7 -, ) 

d V K — a / aoaia2a2 



with the initial as being replaced by a2 if as divides d. We thus compute the ratio 

4:d(k - d)(k - ao - a2) .„ ,, , 

Pa = - ifas/rf, 

o aoaia2 

4:d{k — d){k — ao — a2) 

Pa = i: ifaslrf, 

o agaias 

and when p^ < 1 we can conclude that the Del Pezzo surface is Kahler-Einstein. 
It is easy to check that pa is never less than 1 when ao = ai = 1. On the other 
hand, a computer check seems to indicate that there is only a finite list of weights 
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with oq > 2 satisfying the Fletcher conditions, which aU satisfy ao ^ 14. Among 
these, 2 cases lead to p^ < 1, namely 

a = (11, 49, 69, 128), d = 256, pa ^ 0.875696, xl'^X2 + xqxI + xixl + xj = 0, 
a = (13, 35, 81, 128), d = 256, pa ^ 0.955311, x^'^xi + xqxI + x\x2 + x^ = 0. 

It turns out that there are no other monomials of degree d than those occurring 
in the above equations. As a result, the above Kahler- Einstein Del Pezzo surfaces 
are rigid as weighted hypersurfaces. 

There are several ways to improve the estimates. For instance, 

Tx ®Ox{d-a\- 02) 

is nef except possibly along the irreducible components of the curve {xq = 0) C X. 
The restriction of the tangent bundle to these curves can be computed by hand. 
This improvement is sufficient to conclude that Propositions 6.8 and 6.9 also apply 
in one further case: 



a 



= (9,15,17,20), rf-60, xIxx^xqx\ + x\ + xI = ^. 



This is again a rigid weighted hypersurface. We would like to thank P. Boyer 
and K. Galicki for pointing out a numerical error which had been committed in an 
earlier version of this work, where a further (incorrect) example a = (11, 29, 39, 49), 
d — \TJ was claimed. In [BGOO], it is shown that the three above examples lead 
to the construction of non regular Sasakian-Einstein 5-manifolds. 
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